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Abstract
We apply the causal interpretation of quantum mechanics to homogeneous and isotropic quantum cosmology, where the source of the gravitational field is a conformally coupled scalar field, and the maximally symmetric hypersurfaces are flat. The classical solutions are expanding or contracting singular universes. The general solution of the Wheeler-DeWitt equation is a discrete superposition of Hermite polynomials multiplied by complex exponentials. Superpositions with up to two parcels are studied, and the phase diagrams of their corresponding Bohmian trajectories are analyzed in detail. Nonsingular periodic quantum solutions are found. They are nonclassical but they can be arbitrarily big. Some of them can represent the universe we live in but the majority present too small oscillations. We also find that singular quantum solutions present an inflation era in the begining of the universe. Numerical calculations indicates that these results remain valid for general superpositions.
Introduction
One of the main problems of quantum cosmology is to construct a consistent intepretation of quantum mechanics which can be applied to a quantum theory of a single system, as it is the universe. It is well known that the conventional Copenhaguen interpretation cannot be used because it assumes the existence of a classical domain outside the observed system, where we can construct our classical measuring apparatus to test and give sense to the quantum theory. If we are quantizing the whole universe, there is no place for such a classical domain. Classical apparata must be postulated to exist because a quantum apparatus governed by the unitary Schrödinger evolution cannot accomplish the observed colapse of the wave function. The first alternative interpretation constructed to be applied to cosmology was the many-worlds interpretation of quantum mechanics [1] . It says that in a measurement there is no colapse of the wave function but simply an splitting of the world into many branches, each world having its own measurement result. In the subsequent decades, this interpretation has been elaborated and/or inspired some other attempts [2, 3] culminating with the consistent histories interpretation of quantum mechanics [4, 5] . In this interpretation, families of histories of the quantum system are constructed and it is investigated if probabilities can be assigned to them (which is usually not possible for quantum particles due to quantum interference, like in the two-slit experiment). If it is the case, they are called consistent histories, and we should try to find the most probable one. Usually, consistent histories are obtained either by coarse graining or by tracing out unobserved degrees of freedom. Then, decoherence can take place eliminating quantum interference. This interpretation is, however, rather involved, and we do not know any single cosmological minisuperspace example where it is employed, exhibiting its capability of yielding physical results and answering definite questions.
There is, however, an alternative interpretation of quantum mechanics which was not constructed for cosmology but which can be easily applied to a single system: it is the causal or the Bohm-de Broglie interpretation of quantum mechanics [6, 7] . In this interpretation, it is not necessary to have a measuring apparatus or a classical domain in order to recover physical reality; it is there "ab initio". The quantum particle follows a real trajectory, independently of any observations, and it is accompanied by a wave function. When there is a measurement, the wave function splits into many branches but the particle follows only one of them, staying always in this branch. The empty waves cannot interact with other particles and hence cannot be detected (for details, see [7] ). The quantum effects are brought about by a quantum potential which can be derived from the Schrödinger equation. It is a rather simple interpretation which can easily be applied to minisuperspace models [8, 9] .
In this paper we apply the causal interpretation to homogeneous quantum cosmology of a conformally coupled scalar field. The maximally symmetric hypersurfaces are supposed to be flat. We have tried to find quantum solutions with some basic features of the universe we live in (expanding and classical when it becomes big) but free of any singularity. The causal interpretation is strong enough to yield a rich map of all quantum solutions with many interesting behaviours, which can be classified. We could find periodic quantum solutions without singularities with a very dense phase but behaving quantum mechanically, even when it is very large. There are also expanding singular quantum solutions tending to be classical when they are large, and presenting inflation near the singularity. This paper is organized as follows: in the next section we make a summary of the causal interpretation and its application to quantum cosmology. In section 3 we abridge the results of Ref. [10] where the general solution of the Wheeler-DeWitt equation of our minisuperspace model is obtained in term of superpositions of Hermite polynomials multiplied by complex exponentials. In section 4 we apply the causal interpretation to the general solution presented in the previous section, obtaining the Bohmian trajectories. We can classify the quantum trajectories and some phase diagrams are exhibited. We end with comments and conclusions. In the appendix, we present the details of the phase diagram analysis for the case of general superpositions of two arbitrary Hermite polynomials multiplied by their corresponding complex exponentials.
The causal interpretation of quantum cosmology
In this section we will review the ontological -also known as causal or Bohmde Broglie interpretation -of quantum mechanics and apply it to quantum cosmology. We will first show how the causal interpretation works in the case of a single particle described by a Schrödinger equation, and then we will obtain, by analogy, the causal intepretation for the case of minisuperspace quantum cosmology. Let us begin with the causal interpretation for the case of the Schrödinger equation describing a single particle. In the coordinate representation, for a non-relativistic particle with Hamiltonian H = p 2 /2m+V (x), the Schrödinger equation is
We can transform this differential equation over a complex field into a pair of coupled differential equations over real fields. We do that by writing Ψ = R exp(iS/h), where R and S are real functions, and substituting it into (1) . We obtain the following equations.
The usual probabilistic interpretation, i.e. the Copenhagen interpretation, understands equation (3) as a continuity equation for the probability density R 2 for finding the particle at position x and time t. All physical information about the system is contained in R 2 , and the total phase S of the wave function is completely irrelevant. In this interpretation, nothing is said about S and its evolution equation (2) . However, examining equation (3), we can see that ∇S/m may be interpreted as a velocity field, suggesting the identification p = ∇S. Hence, we can look to equation (2) as a Hamilton-Jacobi equation for the particle with the extra potential term −h 2 ∇ 2 R/2mR. After this preliminary, let us introduce the ontological interpretation of quantum mechanics, which is based on the two equations (2) and (3), and not only on the last one as it is the Copenhagen interpretation. We start with the idea that p = ∇S, with the particle's path being guided by a new field, the quantum field, whose effect on the particle is represented by the extra potential term in the Hamilton-Jacobi equation. In short, a quantum system is composed of a particle and a field Ψ, each one having its own physical reality. The field Ψ obeys Schrödinger's equation (1) . Once the field Ψ is obtained from Schrödinger's equation, we can also obtain the particle trajectory, x(t), by integrating the differential equation p = ∇S. Of course, from the differential equation, the trajectory can only be know if the initial position of the particle is given. To agree with the Copenhagen interpretation, we have to postulate that, for a statistical ensemble of particles in the same quantum field Ψ, the probability density for the particle to be initially at x 0 is P (x 0 ) = R 2 (x 0 , t = 0). Even though there is a probabilistic postulate, once the initial position is established, we can obtain, independent on observations, the trajectory of the particle. Hence, in this interpretation, we can talk about trajectories of quantum particles, contrary to the Copenhagen interpretation where only positions at one instant of time have a physical meaning. Equation (2) can now be interpreted as a Hamilton-Jacobi type equation for a particle subjected to an external potential which is the classical potential plus a new quantum potential
Hence, the particle trajectory x(t) satisfies the equation of motion
We can think of (5) as a quantum version of Newton's second law, with a new term that gives us a "quantum force". It is interesting to note that in the regions where Ψ is very small, the quantum potential can be very large, as can be seen from equation (4) . In fact, the quantum potential depends only on the form of Ψ, not on its absolute value. This fact brings home the non-local and contextual character of the quantum potential 1 . This is a necessary feature because Bell's inequalities together with Aspect's experiments show that, in general, a quantum theory must be either non-local or non-ontological. As Bohm's interpretation is ontological, it must be non-local, as it is. The non-local quantum potential is responsible for the quantum effects.
The causal interpretation, as presented above, can be applied to a single particle. In this case, equation (3) is just to determine the function R, which forms the quantum potential acting on the particle via equation (5) . The function R 2 does not need to be interpreted as a probability density and hence it is not required to be normalized in the case of a single system. The interpretation of R 2 as a probability density is appropriate only when we make the experiment several times, with the same quantum potential, but necessarily varying the particle's initial position. The ontological interpretation is not, in essence, a probabilistic interpretation.
The classical limit can be obtained in a very simple way. We only have to find the conditions for having Q = 0. There is no need to have a classical domain because this interpretation is ontological. The question on why in a real measurement we do not see superpositions of the pointer apparatus is answered by noting that, in a measurement, the wave function is a superposition of non-overlapping wave functions [5, 7] . The particle will enter in one region, and it will be influenced by the unique quantum potential obtained from the sole non-zero wave function defined on this region.
Of course the causal interpretation has still some flaws. It is difficult to accommodate it with the notion of spin. It works only in the coordinate representation [11] . Its generalization to quantum fields is not yet completely understood (see however [12] ). Nevertheless, as it is an interpretation which does not require a classical domain, and which can be applied to a single system, we think it should be relevant to examine what it can say about quantum cosmology.
We will now apply the above interpretation to quantum cosmology. The Hamiltonian of General Relativity (GR) without matter is given by
where
The momentum Π ij canonically conjugated to the space metric h ij of the spacelike hypersurfaces which foliate spacetime is
and
which is called the DeWitt metric. The quantity R (3) is the intrinsic curvature of the hypersurfaces and h is the determinant of h ij . The lapse function N and the shift function N j are the Lagrange multipliers of the super-Hamiltonian constraint H and the super-momentum constraint H j , respectively. They are present due to the invariance of GR under spacetime coordinate transformations. Their specifications fix the coordinates.
If we follow the Dirac quantization procedure, these constraints become conditions imposed on the possible states of the quantum system, yielding the following quantum equations:
(we have seth = 1, and chosen a particular factor ordering in (13)). The first equation has a simple interpretation. It means that the value of the wave function does not change if the spacelike metric changes by a coordinate transformation. The second equation is the Wheeler-DeWitt equation, which should determine the evolution of the wave function. However, time has disappeared from it. There should exist one momentum which is canonically conjugate to some intrinsic time in which the quantum dynamics takes place. In the time reparametrization invariant formulation of the quantum mechanics of a non-relativistic particle, this particular momentum is easily distinguishable from the others because it appears linearly in the quantum equation analogous to (13) , while the others appear quadratically. However, in equation (13), there is no momentum which appears linearly; all of them appear quadratically. Hence, where is time? This is the famous issue of time.
Using a non-ontological interpretation, we can understand this fact in another way. Space geometry is like position in ordinary particle mechanics while spacetime geometry is like a trajectory. Trajectories have no physical meaning in the quantum mechanics of particles following a non-epistemological interpretation. Instantaneous positions have. Analogously, spacetime has no physical meaning in quantum gravity, only space geometries have. Hence, time makes no sense at the Planck scale. Space is the most primitive concept [13, 14] . Therefore, it is quite natural that the Wheeler-DeWitt equation of closed spaces be time independent.
If we apply the ontological interpretation to quantum cosmology, we should expect that the notion of a spacetime would have a meaning exactly like the notion of trajectories have in the causal interpretation of quantum mechanics of non-relativistic particles. Hence, we should expect that the notion of time would emerge naturally in this interpretation. Indeed, following the steps we made in order to describe the ontological interpretation in the beginning of this section, we substitute Ψ = R exp(iS/h) into the WheelerDeWitt equation (13), yielding the two equations (for simplicity we stay in pure gravity)
where the quantum potential is given by
As before, we postulate that h ij (x, t) is meaningful even at the Planck length and set
recalling that
Hence, as K ij is essentially the time derivative of h ij , equation (17) gives the time evolution of h ij . This time evolution will be different from the classical one due to the presence of the quantum potential in equation (14), which may prevent, among other things, the formation of classical singularities [15] . The notion of spacetime is meaningful in this interpretation, exactly like the notion of trajectory is meaningful in particle quantum mechanics following this interpretation 2 . In the case of homogeneous minisuperspace models the supermomentum constraint H i is identically zero, and the shift function N i can be set to zero in equation (6) without loosing any of the Einstein's equations. The hamiltonian (6) is reduced to
where p α (t) and q α (t) represent the homogeneous degrees of freedom coming from Π ij (x, t) and h ij (x, t) (they can also include homogeneous matter degrees of freedom). Equations (14-18) become
where f αβ (q µ ) and U(q µ ) are the minisuperspace particularizations of G ijkl and −h 1/2 R (3) (h ij ) (or the classical potentials of matter fields, if they are present), respectively.
Equation (22) is invariant under time reparametrization. Hence, in the case of homogeneous fields, even at the quantum level, different choices of N(t) yield the same spacetime geometry for a given nonclassical solution q α (x, t) [9] .
For more details, see Ref. [10] . The full lagrangian density is given by:
where g µν is the four-metric, g its determinant, R its scalar cuvarture, and φ is the scalar field.
We will study a Friedman-Robertson-Walker universe whose source is a homogeneous conformally coupled scalar field. Our minisuperspace model is characterized by the following ansatz:
The four-metric is in Robertson-Walker form, and dΩ 2 3 is the metric on the spatial sections with constant curvature ε(ε = +1, 0, −1). The topology of these sections is considered to be closed.
Substituting this ansatz in Eq. (23), we obtain the following minisuperspace action (units are chosen as in [10] ):
in which
where χ = πaφ and a dot represents derivation with respect to coordinate time. It can easily be shown that the action (25) generates the same equations of motion for a, N, χ as the ones obtained from the full lagrangian (23) when the ansatz (24) is used. This result validates the interpretation of this model as a minisuperspace model. The canonical momenta are:
The hamiltonian is:
Variation of the above hamiltonian with respect to N yields the minisuperspace version of the super-hamiltonian constraint (7), H ≈ 0. At this moment we will fix ε = 0 to simplify the calculations. In the gauge N = 1, the solutions of the classical equations of motion are:
where A is an integration constant. The classical solutions have curvature singularities at t = 0. The scalar field can be non-singular if δ = 0. Adopting the Dirac quantization procedure, the quantum states must be annihilated by the quantum version of the super-hamiltonian constraint (ĤΨ(a, χ) = 0), yielding the following minisuperspace Wheeler-DeWitt equation (a particular factor ordering has been assumed):
This equation can be solved by the separation of variables method, yielding the following general solution:
and H(n, x) is the nth Hermite polynomial in x. We will apply the causal interpretation to this solution in the next section.
Application of the causal interpretation to the scalar field model
In this section we will apply the causal interpretation to the case of the conformally coupled scalar field minisuperspace model presented above. We start by rewriting the most general solution (30) of the Wheeler-De Witt equation in the form
obtaining that
where we used the abbreviation H k for H n k ( √ 2χ) and ∆θ = θ k − θ j . The phase S satisfies the modified Hamilton-Jacobi equation
where 4χ 2 is the classical potential of the scalar field (the gravitational classical potential is zero because we are working with flat hypersurfaces), and
is the quantum potential. Finally, the equations of motion for a and χ arė
where a prime means derivation with respect to χ. They are the particularizations of Eqs. (22) to our specific problem, with the gauge choice N = 1.
Since (37) and (38) are coupled nonlinear differential equations, to look for general analytical solutions seems unrealistic. Hence, we will first study the simplest cases and then try to generalize the results. The cases m = 1 and m = 2 will be studied analytically while the cases m > 2 will be studied numerically.
Case m = 1
This is the simplest case to be studied. The solution of the Wheeler-DeWitt equation is simply
where we set, for simplicity, A k = 1. Clearly
and R(a, χ) = H(n, χ)e −χ 2 .
As R, and consequently the quantum potential Q, does not depend on a, we expect classical behaviour for a and quantum behaviour for χ. Indeed, the equations of motion for a and χ arė a = − 1 2a
Their solutions are χ = χ 0 and
where a 0 and χ 0 are the initial positions, and t 0 is the arbitrary origin of time.
The behavior of a corresponds to the classical behavior given in Eq. (28). Hence, in the case of a single wave with momentum β, we have an expanding singular universe in the case with β < 0, and a contracting singular universe in the case with β > 0. Also, χ does not behave classically (see Eq. (28)), as expected, remaining constant in time.
Case m = 2
We will now study a more interesting case, from which we will derive the most important characteristics of the model. The general solution of the Wheeler-DeWitt equation in the case m = 2 is
and the absolute value is
Note that the quantum potential Q, like R, is periodic in a. Hence, the classical limit is not attainable for large a. The equations of motion arė
We also have:
(44) The above system constitute a bidimensional dynamical system which is analyzed in detail in the appendix. We first note that as χ goes to infinity, supposing without loss of generality that n 2 > n 1 , Eq. (42) simplifies toȧ = − β 2 2a yielding the classical trajectory for a, a ∝ √ ±t. For χ not very large, the above dynamical system presents many singular points, which are classified in the appendix. The most important are the center points, which appear when sin[(
They have periodicity in a given by ∆a = π/(β 1 − β 2 ). When β 1 has the same sign as β 2 , the larger ∆a happens when n 1 = 0 and n 2 = 1 yielding a ∆a of order 1. When β 1 and β 2 have opposite signs, ∆a could be very large as long as n 1 and n 2 become both very large. However, the presence of other singular points limits the value of ∆a. As shown in the appendix, the equation
χ) = 0 has two types of solution: β 1 X 1 (χ) = ±β 2 X 2 (χ), which correspond to the centers, and X 1 (χ) = ±X 2 (χ), which are nodal points because they are also roots of the denominator
. If both n 1 and n 2 become very large, these two points become very near. Consequently, the periodic solutions around the center must have very small oscillations in the χ direction. As the curves around the center points are circles (see the appendix), the oscillations in the a direction must also be very small. Hence, ∆a must be small in this case. Hence, also for the case of opposite signs of β i , ∆a is again at most of order 1.
The curves around the center points represent oscillatory universes. The ratio between the maximum and minimum values of the scale factor is given by:
a max a min = 1 + ∆a a min .
Hence, unless a min be very small, the ratio a max /a min is of order one, and these universes cannot represent the universe we live in. Note also that these are quantum trajectories with no classical limit. If a min is very large, these are almost static quantum universes. If, however, a min is close to zero, which happens only for curves around the first center with a > 0, then the ratio a max /a min can be as large as we want. This solution represents a quantum universe with highly dense and rarefied phases, and could in principle represent the universe we live in, without any singularity. This is the sole type of solution among all possibilities with m = 2 which can be realistic and not singular. Note, however, that the classical limit never happens, even for large a. We would like to emphasize that this possibility is present only at the quantum level: there are no periodic solutions for the scale factor at the classical level. Many other quantum solutions with large a max /a min exist but they are singular and not periodic in a. Figures (1-14) illustrates our results for many values of n i and C i . They also exhibit the variety of singular points which are present in the dynamical system (42,43), which are described in the appendix.
Finally one last case should be studied independently for m = 2. This is when we have a superposition of two waves with the same energy, but momenta in the oposite direction. In this case we have
The differential equations can be solved exactly for this case, but not explicitly, for we arrive at a transcedental equation relating a and t. However, we can easily check the main properties of it, and the most interesting is the fact that this trajectory has a growth that is faster than a = t when a is very small. This means that it presents an inflationary scenario for a small. The amount of inflation generated depends, as it should, on the energy E n associated to n. If we increase the energy, we increase the amount of time when the model will have inflationary phases. Figures 15 and 16 illustrate this fact. It is interesting to note that the equation of motion has a cosine term present, causing the inflation to be a periodic phenomena. We can summarize the results presented here in the following way. For the superposition of two waves, independent on the momenta of each wave, we can have, depending on the initial conditions, either an always oscillating universe with no classical limit, or a trajectory which is not periodic but always contracting or expanding, representing universes which have a singularity either in the future or in the past, depending if it is contracting or expanding, respectively. There are also some periodic solutions with large ratio a max /a min
Cases m > 2.
The cases m > 2 are very difficult to study analytically. Because of this, we have constructed some numerical phase diagrams, as shown in figures 17 and 18. They exhibit the same pattern as the case m = 2, suggesting that our conclusions should be valid in the general case. 
Conclusion
We have classified all possible quantum trajectories of a minisuperspace model whose degrees of freedom were the scale factor of flat hypersurfaces of Friedman-Robertson-Walker models and a conformally coupled scalar field. When the scalar field is large, we have expanding or contracting singular universes where the behaviour of the scale factor tends to be the classical one while the scalar field has always a quantum mechanical behaviour, staying almost constant. If the scalar field is not large, then both degrees of freedom behave non-classically. The quantum potential is never negligible in these solutions. In some quantum trajectories, the degrees of freedom oscillate around an equilibrium point. The amplitudes of these oscillations are usually not large (for the scale factor, they are at most of order one), they can be as small as we want, and they are completely independent on the value of the equilibrium point. This means that it is possible to have, in this model, a very large forever oscillating quantum universe with oscillation amplitudes of the order of the Planck length. For their inhabitants, it will look like a static universe. This is a very interesting behaviour whose consequences are obvious: in quantum cosmology it is not necessarily true that large scale factors implies classical behaviour (see also Refs. [8, 16] for some discussions about this). It means that it is possible to have in our universe some degrees of freedom which still behave quantum mechanically in spite of it being very big. This gives us some hope of being possible to detect or experience quantum cosmological effects in the real universe we live in, bringing quantum cosmology to the realm of testable physical theories. The problem should be to find which degrees of freedom can possess this property. The classical solutions of our minisuperspace model always present singularities. The quantum solutions may be non-singular due to the influence of the quantum potential. However, the majority of the non-singular solutions are practically static and cannot represent the universe we live in. Only the singular solutions, and some special cases of the periodic solutions, may have a long period of expansion, as the real universe we live in.
It is amazing that so many informations can be obtained from a quantum cosmological model. The model is very simple indeed, so simple that the general solution of the Wheeler-DeWitt equation can be found. But the application of the causal interpretation to this model has also simplified a lot the interpretation and analysis of the solutions. The assumption that the quantum degrees of freedom follow real trajectories makes it possible to use all the techniques we learned on solving differential equations and examining phase space diagrams. It would be interesting to see how many informations we can get from the consistent histories interpretation if it were applied to a model analogous to this one, and compare to the present analysis.
and the H n 1 ( √ 2χ) are Hermite polynomials. This notation has the advantage of unifying all the cases for superpositions of positive and negative momenta. The system of differential equations (46, 47) forms a set of autonomous nonlinear differential equations, and for that reason we can always define a field of velocities. In order to study the behavior of the trajectories, we will start by analyzing the velocity field and its singular points. It is given by
The velocity field (52) has singular points when
The singular points of (53) are of three types:
We will analyze each of them.
Singular points where sin(γ
The roots of sin(γ 1 − γ 2 ) = 0.
are
where j = 0, ±1, ±2, .... They are periodic, and the distance between two neighbor roots is ∆a = π
We see from (57) that we may increase the distance among singular points by decreasing β 1 − β 2 , which happens when we take the superposition of two waves, both with positive or negative momenta, with high values of energy. When (55) holds, then (54) reduces to
This equation has two types of solution, namely
If (60) is satisfied, then the denominator of (46) and (47) is also zero. But these are the points where |ψ| 2 is zero, a nodal point. Hence, Bohmian trajectories do not cross this point.
We will now discuss the nature of the singular points satisfying (55) and (59). We will linearize the equations around the singularities. This is done in the following way. First, we note that the autonomous system may be written in the form
where F (a, χ) and G(a, χ) are given by (46) and (47). To linearize up to first order we expand δȧ and δχ in series in δa and δχ,
When a 0 and χ 0 are solutions of (55) and (59), a straightforward computation of the above system results in
where c is a real constant. This linearization has an associated matrix with complex eigenvalues, hence being a center point. It is important to remark that (65) defines circular trajectories around the center, as the c coefficients are the same in both equations. As a consequence, in first approximation, we can think of these trajectories as circles in the configuration space. For solution (60) we have a nodal point, as mentioned earlier.
At this point we can summarize our conclusions for points where sin(γ 1 − γ 2 ) = 0. The sine function is periodic, and for that reason these singular points occur at intervals of ∆a = π β 1 −β 2 in the scale factor. Since the system of equations is autonomous, no two distinct trajectories can cross each other. Hence, we arrive at the conclusion that the maximum amplitude of the oscillations of the scale factor must be less than ∆a. It is interesting to note that ∆a can be made as large as we want by increasing the values of β 1 and β 2 , if both have the same sign.
We now turn our attentions to the position of the singular points in the χ axis. As we saw, we have two distinct solutions, one for X 1 = ± β 2 β 1 X 2 , and one for X 1 = ±X 2 . The former corresponds to center points, while the latter corresponds to nodal points. Of course, the maximum number of center points and nodal points depends on the degrees of these polynomial equations, and it is max(n 1 , n 2 ). Let us call the nodal point χ ′ r as a particular solution of X 1 = ±X 2 , and the central pointχ r the neighbor solution to χ ′ r satisfying X 1 = ± β 2 β 1 X 2 . Hence, the amplitude of the oscilations around χ r in the χ axis must be less thenχ r − χ ′ r . We now get to the interesting conclusion that if we increase the value of ∆a, (hoping with that to increase the oscillations of the trajectory in the scale factor) by increasing simultaneously β 1 and β 2 such that their differences is small, then we decrease the distance betweenχ r and χ ′ r , since β 2 β 1 tends to 1. But we know that around the center point, the trajectory is a circle in the configuration space. Hence, the amplitude of oscillation of the scale factor for closed trajectories does not increase if we decrease β 1 − β 2 . On the contrary, it gets smaller, as can be seen by comparing figures 3 and 4 below.
Singular points where (X
First we note that, from the orthogonality of the Hermite polynomials, one can prove that real solutions for
always exist if n 1 does not differ from n 2 by a factor 1, i.e. n 1 = n 2 ± 1. Since (66) is a polynomial equation of degree n 1 + n 2 + 1, we should expect to have at most n 1 + n 2 + 1 singular points in the χ axis. To find out the location of singular points in the a axis we have to look at the equation
Due to the cosine term in (67), it is clear that singular points in the a axis appear periodically, with periodicity ∆a =
, such that the distance between two distinct singular points can be at most ∆a in the a axis.
We will now investigate the nature of these points. As before, it may happen that both (67) and |ψ| 2 are zero at a singular point. In that case, we have a nodal point. Let us consider then the opposite case when (67) is satisfyed but |ψ| 2 = 0. In this case it is again straightforward to compute the linearization matriz and arrive at the following result:
being nonzero real constants. In this case the eigenvalues of the linearized matrix are real, and we do not have a central point. We can see from equations (70) and (71) that the sign of c 1 and c 2 changes periodically with a, resulting in approaching or receding trajectories in a or χ. We conclude that if we have the condition (X
2 ) = 0 satisfyed, the corresponding singular points are not centers.
If we define the constants λ 1 and λ 2 as
we have,
We can integrate this set of differential equations, and obtain as solution
where B is an integration constant. For the singular point to be a center, from equation (89) we see that λ 2 must be zero, hence c 4 has to be zero. This happens only when X 1 (χ 0 ) = 0 or X 2 (χ 0 ) = 0. But we have already seen that equation (74) implies that X 1 = ± β 1 β 2 X 2 , and then it necessarly implies that if λ 2 = 0 one gets a point where |ψ| 2 = 0, i.e. a nodal point, and we have no centers in this case.
Some Examples
To exemplify the results obtained above, we will consider some superpositions of wave functions and show graphs of its tangent vector fields close to the singular points. We start with Figures (1) and (2) , where we have n 1 = 0, n 2 = 1, C n 1 = C n 2 = 1, and θ n 1 = θ n 2 = 0 (these phases θ i have the effect of shifting the singular points by a constant factor). The difference between Figure 1 and Figure 2 is that in 1 we have both terms of the superposition with same sign for their momenta while in 2 we have different signs for their momenta. Some more interesting examples is given by Figures 3, 4 , 5, 6, 7, and 8. In theses figures we have, for all of them, the values n 1 = 0, n 2 = 2, which has singular points of the type (X Figure 3 we choose the coefficients to be C n 1 = C n 2 = 1 and θ n 1 = θ n 2 = 0 and both terms of the superposition with same sign for their momenta. We should note that we have two nodes and two centers at intervals of ∆a. In Figure 4 we choose the coefficients to be C n 1 = −8C n 2 = −8 and θ n 1 = θ n 2 = 0 and both terms of the superposition with same sign for their momenta. We note that we have two nodes and no centers for a = nπ β 1 −β 2 and no nodes and two centers for a = 2nπ β 1 −β 2 , n being an integer. In Figure 5 we choose the coefficients to be C n 1 = 8C n 2 = 8 and θ n 1 = θ n 2 = 0 and both terms of the superposition with different signs for their momenta. We now have two centers and no nodes for a = nπ β 1 −β 2 and two nodes and no centers for a = 2nπ β 1 −β 2 , n being an integer as before. In Figure 6 we choose the coefficients to be C n 1 = C n 2 = 1 and θ n 1 = θ n 2 = 0 and both terms of the superposition with different signs for their momenta. In this case, as expected, we have two centers and two nodes for a = nπ β 1 −β 2 and two nodes and two centers for a = 2nπ β 1 −β 2 , n an integer. In Figure 7 we choose the coefficients to be C n 1 = −8C n 2 = −8 and θ n 1 = θ n 2 = 0 and both terms of the superposition with different signs for their momenta. We now have two centers and two nodes for a = nπ β 1 −β 2 and no nodes or centers for a = 2nπ β 1 −β 2 , n being an integer as before. Finally, for the last example with n 1 = 0 and n 2 = 2, we choose in Figure 8 the coefficients to be C n 1 = 8C n 2 = 8 and θ n 1 = θ n 2 = 0 and both terms of the superposition with different signs for their momenta. In this case, as expected, we have no nodes or centers for a = In Figures 9 we have an example with n 1 = 1 and n 2 = 2, and the coefficients are C n 1 = C n 2 = 1 and θ n 1 = θ n 2 = 0 Both terms of the superposition have the same sign of their momenta. Fig. 9 : n 1 = 1, n 2 = 2, C n 1 = C n 2 = 1, and θ n 1 = θ n 2 = 0. Both terms in superposition with positive momentum.
In Figure 10 we have an example were n 1 = 0, n 2 = 2, C n 1 = 2 √ 5C n 2 = 2 √ 5 and θ n 1 = θ n 2 = 0 Both terms of the superposition have the same sign of their momenta. This is an example possessing singular points of type (iii) of the appendix, which appear when χ = 0 and cos r = 1. In Figure 11 we have n 1 = 0, n 2 = 2, C n 1 = and θ n 1 = θ n 2 = 0. Both terms of the superposition have the same sign of their momenta. This is an example possessing singular points of type (ii) of the appendix, appearing when χ = 0 and cos r = 1. , and θ n 1 = θ n 2 = 0. Both terms in superposition with positive momentum.
